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The number and general nature of the self-consistency equations that may arise in a universal bootstrap 
theory of all strongly interacting particles is discussed. There are more equations than there are variables to 
be determined, so that it may be possible to bypass some of the divergence difficulties of dispersion theory 
by making use of a sufficient number of the equations. A general method of attacking the difficulties associ­
ated with the many-particle aspect of the problem is discussed. A simple first approximation to the method 
is applied to a model of four multiplets (pseudoscalar meson, vector meson, baryon ground state, and 
y = f+ baryon excited state), under the assumption that unitary symmetry is approximately valid. It is 
argued that comparison with experiment of the calculated differences in masses of particles within the same 
multiplet will provide experimental tests that are meaningful in a low-order approximation to the model. 
It is shown that if the mass splitting of the baryon octet is assumed to be partly self-generating (i.e., not re­
sulting completely from the mass splitting of the meson multiplets), a nondegenerate solution to the model 
is most likely if there is a large violation of R in variance. 

I. INTRODUCTION 

TH E universal bootstrap hypothesis of strong 
interaction physics is that the number of existing 

strongly-interacting particles, and their spins, parities, 
external quantum numbers, mass ratios, and inter­
action constants will be determined eventually from 
self-consistency requirements, formulated within dis­
persion theory. Recent successes of bootstrap calcu­
lations involving several types of particles are encourag­
ing for this hypothesis.^"^ Unfortunately, calculations 
in a model involving many types of particles are usually 
difficult. I t is implicit in the universal bootstrap 
hypothesis that the equations are inconsistent if any 
existing particle is omitted; however, if every particle 
is included there are very many coupled equations. I t 
will be necessary to discover some kind of convergent 
iteration procedure that is quite different from those 
well known in physics today, if a solution to such a 
model is to be obtained. 

Encouraging, though incomplete, arguments have 
been given that the universal bootstrap hypothesis may 
require the approximate validity of unitary sym­
metry.^-^'^ In the present paper we simply assume 
approximate SU3 symmetry without theoretical justi­
fication. A type of iteration procedure for the many-
particle bootstrap equations is proposed and discussed 
in Sec. I I . I t is argued in Sec. I l l that the signs and 
magnitudes of the mass differences of particles within 
the same SU3 multiplet may be calculated in a very 
low-order approximation with sufficient accuracy to 
test the model. In Sec. V, the first approximation to the 
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iteration procedure is applied to a model including the 
pseudoscalar meson octet, vector meson octet, ground-
state baryon octet, and j = f"̂  baryon resonance 
decuplet. Some of the results of this application 
have been obtained previously from more detailed 
calculations.^"^ 

II. NATURE OF THE UNIVERSAL 
BOOTSTRAP EQUATIONS 

In a complete bootstrap model each particle occurs 
as a bound state or resonance pole in the coupled scat­
tering amplitudes of the appropriate quantum numbers. 
I t is assumed here that only two-particle scattering 
states need be considered, though some of the particles 
may be unstable. We shall attempt to count the number 
of self-consistency equations that will occur. We con­
sider the pole associated with the particle X, assumed 
to be coupled to n two-particle states (FiZi), (F2Z2), 
• • •, {YnZ-n). If the spins of some of the particles are 
sufficiently high, there may be more than one partial-
wave state associated with a particular pair of particles. 

I t is assumed that some dispersion-theoretic method 
(such as the matrix N/D method^) may be used to write 
partial-wave dispersion relations for the coupled ampli­
tudes Tij for the processes Yi+Zi—^ Yj+Zj, The left-
hand cuts (forces) for the (ij) process are associated 
with the singularities occurrijig at specific energies in 
the _ crossed processes Yi+Zj-^ Yj+Zi and Yi-{-Yj 
—> Zi-\-Zj, Therefore, the expression for Tij is a function 
of the masses and interaction constants of the initial, 
final, and intermediate particles associated with the 
crossed diagrams. 

For simplicity, we assume that the pole associated 
with the particle X is a bound-state pole at an energy 
below the threshold of all the two-particle states 
(YiZi); we will refer to an amplitude containing the 
pole as "resonating.'' (The argument may be gener­
alized to the case of one or more open channels, although 

9 J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960). 
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a few new complications arise in the generalization.^o) 
Identification of the energy of the pole with the mass of 
the particle X leads to a self-consistency equation, 
which may be written in the form, 

(r,y)-l(«»x) = 0 , (1) 

for some of the Tij. Further self-consistency equations 
are associated with the residues of the pole in the various 
amplitudes; these equations are of the form, 

Rii= lim [ ( £ - w x ) r . v ( £ ) ] , (2) 

where yi is the {XYiZi) interaction constant, and the 
d are known, positive functions of mx that depend on 
the definition of the amplitudes Tij. An equation similar 
to Eq. (2) may be written for each elastic and inelastic 
amplitude, but these equations are not all independent. 
In order to demonstrate this lack of independence, we 
note that since T is real and symmetric in the energy 
region of the bound state, it may be diagonalized by a 
real, unitary (orthogonal) transformation A, The 
physical amplitudes may be written in terms of the 
eigenamplitudes, i.e., 

k 
(3) 

The transformation coefficients A are energy-dependent, 
in general. We assume a nondegenerate bound state; 
the resonating eigenamplitude and its residue are 
denoted by Trr and Rrr, respectively. The residue 
Rrr must be negative. The residue of Tij is equal to 
Air{nix)Ajr{nix)Rrry SO that Eq. (2) may be written in 
the form, 

AUmx)(~Rrry^'=C.yi. (4) 

The number of independent self-consistency equations 
of this type is n, the number of channels coupled to the 
X pole. 

Similar equations may be written for each type of 
particle. I t is clear that the number of equations of the 
pole position type [Eq. (1)3 is equal to the number of 
particle types, and is thus one more than the number of 
mass ratios. If the basic interactions are three-particle 
interactions, there are three self-consistency equations 
of the residue type [Eq. {2)2 for each interaction con­
stant. These latter equations are not all independent, 
however. If a particular interaction is quadratic in one 
type of particle (such as the ppw^ interaction), two of 
the equations are identical. Some of the other equations 
may be dependent. For example, consider the P+TT+TT̂  
interaction constant. If it can be shown that the equa­
tions require isotopic spin conservation, then the residue 
equations associated with the 7r+—> (p"̂ 7r̂ ) and 
TT̂—> (p"̂ 7r~) processes will be equivalent. These equa­

ls A similar argument is made for the case of two open channels 
in Ref. 4. 

tions will be different from the residue equation associ­
ated with the p+ —̂  (TT+X )̂ process, however. Thus, the 
total number of independent self-consistency equations 
occurring in a universal bootstrap model is greater than 
the number of mass ratios and interaction constants to 
be determined. This fact is very encouraging. I t is well 
known that partial-wave dispersion relations are not 
always convergent, so that arbitrary cutoff or subtrac­
tion constants must be introduced into the equations. 
I t is conceivable that the extra self-consistency equa­
tions may be used to eliminate these arbitrary constants, 
so that some of the divergence problems of dispersion 
theory may be bypassed. 

In most of the partial bootstrap models considered 
so far, no use has been made of the overdetermining 
nature of the residue-type self-consistency equations. 
We consider as an example the reciprocal bootstrap 
model proposed by Chew.^^ In this model the N and A *̂ 
particles are associated with poles in the (1,1) and (3,3) 
P-wave pion-nucleon amplitudes. There are two self-
consistency equations of the residue type, and the two 
interaction constants J^NN and JTNN*' In a complete 
bootstrap model of the TT, A", and A *̂, one should include 
the coupHng of the (xA^*) channel in both these partial 
waves. Such an inclusion would add the one interaction 
constant yTrN*N* to the theory, but would lead to two 
more self-consistency equations of the residue type.^^ 
I t is true that inclusion of the (TTA^*) channel compli­
cates the model, but in the long run, one may gain by 
this procedure if some method is found to exploit the 
overdetermining nature of the complete set of equa­
tions. (Of course, one must also consider the amplitude 
in which the pion poles develop in a complete model.) 

Because of the large number of self-consistency 
equations, it is reasonable to suppose that all mass 
ratios and coupHng constants are determined in a 
particular solution to the bootstrap equations (although 
there may be more than one solution). However, the 
number of existing (stable and unstable) strongly-
interacting particles is so great that it is unlikely that a 
solution to a universal bootstrap model will be obtained 
unless some simple, convergent iterative procedure 
exists. The convergence of a particular iterative pro­
cedure for many equations in many unknowns depends 
on the assumed identification of particular equations 
with particular variables. (This fact is illustrated even 
with such a simple problem as that of solving the two 
linear equations, x—2y=0 and 2y-i-x=5 by iteration, 
alternately solving one equation for x and the other for 
y.) We propose that the identification may be made in 

11 G. F. Chew, Phys. Rev. Letters 9, 277 (1962). See also F. E. 
Low, ibid. 9, 277 (1962); J. S. Ball and D. Y. Wong, Phys. Rev. 
133, B179 (1964). 

12 This is a slight oversimplification, since there are actually two 
fundamental interaction constants of the TrN*N* type. In a com­
plete, relativistic TT, N, N* model one would have to include 
P-wave and F-wsive (irN*) states in the (3,3) partial wave, so that 
addition of the (TTN*) channel would lead to two extra interaction 
constants and three extra self-consistency equations. 



B1398 R I C H A R D H . C A P P S 

the following, physical manner. The pole position 
equation associated with a particular particle is con­
sidered as the equation for the mass of that particle. 
The equation for the particular interaction constant 
To6c is formed by suitably combining the appropriate 
residue equations associated with the processes a —> {be), 
b-^ (ac), and c—> (ab), 

A slight modification of this iteration procedure does 
converge when applied to the nondegenerate bootstrap 
model of the vector-meson octet, previously considered 
by the author.^ In this model, isotopic spin and hyper-
charge conservation are assumed, and the p, M (i^*), 
and <p are considered as resonances in the various 
coupled two-particle states of the x, K, and 77. The TT, K, 
and rj masses were taken from experiment, and the eight 
self-consistency equations of the model were considered 
as equations for JJL^^, fXp^, fXM^, J^KK, TPTTTT, JPKK, JMTK, 

and jMijK* AH terms were neglected that are of power 
higher than the first in the deviations of the various 
quantities from their values in the solution in which the 
P and V octets are each degenerate. The self-consistency 
equations are linear in this approximation, and so were 
solved simultaneously. However, if the two equations 
associated with the cp pole are considered as simultan­
eous equations for JJLJ^ and y<pKK, the three p-pole equa­
tions are considered as simultaneous equations for jLtp̂ , 
YpTTTT, and ypKK, and the three if-pole equations are 
considered as simultaneous equations for ju^/, yMTrKy 
and jMnK, it may be shown that iteration of the three 
sets of equations in turn does converge to the correct 
answer. 

More than one solution to the bootstrap equations 
may exist.^^ In fact, we assume the existence of at least 
two solutions, the physically realized solution and the 
^'degeneracy solution," in which the SU3 multiplets are 
each degenerate and the interaction constants are 
invariant to the SU3 transformations. The existence of 
the degeneracy solution is not necessary, of course, for 
the success of the model. However, such a solution does 
exist in some simplified models of one or two SU3 
multiplets that have been considered. Furthermore, it 
is difiicult to see how unitary symmetry can be approxi­
mately valid in a nondegenerate bootstrap model unless 
a degeneracy solution involving exact symmetry exists. 

I t is often useful to describe a solution to an approxi­
mate bootstrap model by considering the dependence 
of one parameter on others. This concept of dependence 
appears meaningless in a complete bootstrap model, 

13 The idea that there may be two solutions to the same set of 
dynamical equations, one involving exact SU3 symmetry and 
degenerate multiplets, and the other involving mass splitting, has 
been proposed and discussed by S. L. Glashow, Phys. Rev. 130, 
2132 (1963). It is likely that the inclusion of the electromagnetic 
and weak interactions in a bootstrap model would not make a 
great effect on calculated values of the mass ratios and strong 
interaction constants that occur within a particular solution. 
However, one can hope that these interactions "pick out" the 
correct (physical) solution in some manner. See Ref. 17 for a 
discussion of these principles as they apply to a simple model. 

since all parameters (except the absolute mass) are 
fixed. However, the concept may be given a meaning 
within the iteration procedure described above, for if 
attention is limited to the equations associated with a 
particular set of masses and coupling constants, the 
other constants may be considered as variable param­
eters within these equations. We will use this concept 
of dependence to discuss deviations from degeneracy 
within the various SU3 multiplets. Every solution may 
be classified as of the cr-type (self-generating mass-
splitting) or j'-t3^e (non-self-generating mass-splitting) 
with respect to any set of multiplets, according to the 
criterion described below. One considers only the self-
consistency equations associated with the masses and 
coupling constants of a particular set of multiplets 
(set I) , and varies the values of the other masses and 
coupling constants in these equations continuously to 
the values of the degeneracy solution. The solution is 
of the ?^-type with respect to set I if and only if this 
variation may be performed in such a way that the 
poles of set I exist throughout the variation, and each 
multiplet of set I becomes degenerate in the limit of the 
variation. Because of the interrelation of the particle 
masses in the complete model, all multiplets are ex­
pected to be nondegenerate in any solution that is of the 
o--type with respect to any one or more multiplets. This 
type of classification of solutions is used in a simple, 
approximate model in Sec. V. 

The a-v classification is related to the question of 
where one should start in attempting to formulate a 
universal bootstrap model. Although such a model is 
inconsistent if any type of strongly-interacting particle 
is neglected, the different particles may not be of equal 
importance in the first approximation. One procedure 
that may lead to a universal bootstrap model is to find 
a set of particles (set A) that is a subset of the existing 
particles, and that reproduces itself in a bootstrap 
model with masses and interaction constants corre­
sponding approximately to reality. One then examines 
the amplitudes corresponding to all possible sets of 
quantum numbers to see if any bound state or resonance 
poles are predicted in addition to those associated with 
the set A. If such additional poles (set B) are found, one 
must redo the calculation, including the particles of 
set B in the input (i.e., scattering states involving the 
B particles, and forces transmitted by the B particles 
must be included). If this second calculation leads to 
results not greatly different from those of the first 
calculation, then the solution is consistent, and within 
the calculational scheme, the particles B are less funda­
mental than the particles A.̂ ^ Clearly, it is not reason­
able to investigate mass splitting in an approximate 
model involving only the subset A of the existing multi­
plets unless one believes the actual solution to be of the 

1̂  A technique of this nature has been applied successfully to a 
model of the resonances of baryon number one by A. W. Martin 
and K. C. Wali, Bull. Am. Phys. Soc. 8, 515 (1963). 
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(7-type with respect to the set A. I t is conceivable that 
the correct nondegenerate solution is of the v-type with 
respect to any nontrivial subset of the existing multi-
plets, but if this is the case, it is difficult to imagine how 
this solution will ever be found. The notion that "no 
particles are fundamental, but some particles are more 
fundamental than others" is discussed further in Sec. V. 

IIL A MODEL OF FOUR MULTIPLETS 

We assume that the basic structure of the set of 
strongly-interacting particles may be approximated by 
a bootstrap model of four SU3 multiplets, the P (pseudo-
scalar meson) octet, V (vector meson) octet, B (ground-
state baryon octet) and D(j=^'^ baryon decuplet). 
Several different types of two-particle configurations 
are coupled to each pole, i.e., 

x(P)= (PV)+ (VV)+ (BB)+ (BD+DB)+ (DD), 

X(V)= iPP)+(PV)+iVV)+iBB) 

+ (BD+DB)+(DD), (5) 

X(B)^ (BP)+ (DP)+ (BV)+ (DV\ 

X(D) = (BP)+ (DP)+ (BV)+ (DV), 

where a bar denotes the antiparticle multiplet, and the 
notation x ( X ) = (FZ) means that states involving one 
particle from the Y multiplet and one particle from the 
Z multiplet are coupled to the poles of the X multiplet. 

No one has yet attempted to calculate in a bootstrap 
model involving all these configurations. One reasonable 
approximation procedure is to consider the coupling of 
each pole only with the type of configuration involving 
the smallest threshold energies, i.e., to consider only the 
first term on the right side of each of the above equa­
tions. Such a procedure has been applied to the meson 
multiplets by the author,^'^ and to the baryon multiplets 
by Cutkosky and by Martin and Wali.^-^ Fortunately, 
it is known experimentally that for each of the four 
multiplets, the lightest two-particle configuration is 
coupled strongly. However, one cannot justify con­
vincingly the neglect of all the other configurations. For 
this reason, present day bootstrap calculations of such 
quantities as coupling constants are not reliable enough 
so that one can test the model by comparison with 
experiment. 

I t was pointed out in Ref. 4 that in the bootstrap 
model of the V octet, the neglect of all but the lightest 
configuration is more justifiable in calculations of mass 
differences of particles within the V octet than it is for 
the calculation of interaction constants or of the mass 
ratios of particles in different multiplets. This argument 
applies to calculations of the P, B, and D masses as 
well, and results from the fact that the fractional devi­
ations from degeneracy are greatest in the P multiplet, 
and greater in the B than in the D multiplet. I t is a 
striking fact that one of the important evidences for 
unitary symmetry, the approximate validity of the 

Gell-Mann-Okubo sum rule, would not be present if 
the symmetry were exact. ̂ ^ The author believes that 
the nondegeneracy of the multiplets also provides the 
experimental numbers that may be used in the first 
reliable tests of the SU3 bootstrap model. Some such 
tests have already been made.^""* 

Since the lightest configurations coupled to the V and 
D poles do not contain the V and D particles, we will 
assume that the proper solution of the model is of the 
j'-type (see Sec. I I ) with respect to the V multiplet and 
also with respect to the D multiplet. Different assump­
tions with regard to the P and B multiplets are dis­
cussed in Sec. V. 

IV. THE PROBABILITY MATRIX APPROXIMATION 

In this section we extend the approximation technique 
introduced in Ref. 5, in connection with a bootstrap 
model of the P and V mesons. For illustrative purposes, 
we first consider a simplified model involving only the 
TT and p charge triplets and the pirw interaction. In this 
model the p is a (TTTT) resonance, and the TT is a (irp) 

bound state; we are not concerned with the nature of 
the forces that produce the poles. There are four inde­
pendent masses, M7r+=Atx~, MrS Atp+=Atp~ and /ipO, and two 
independent interaction constants, 7p+7r*"7r°=7p~x"ir'* and 
TpV+TT". We are interested in the possibility of a solution 
in which the pion triplet is not degenerate. 

We will not write dispersion relations, but instead 
will discuss a general type of approximation. Since the 
p particle is not contained in x(p)y while the TT is con­
tained in xMy we assume the solution is of the j^-type 
for the p and of the or-type for the pions, i.e., the TT'^—T^ 

mass difference is self-generating. I t is assumed that the 
self-consistency equations may be combined in such a 
way that the interaction constants and p masses may be 
eliminated from the pion mass equations. Since absolute 
masses cannot be calculated, the pion mass equation 
may then be written in the function form, f(8) = 0, 
where 8= (iU7r+̂ —At7r°̂ )/(fM7r-̂ +|At7r'̂ ). The degeneracy 
solution 5 = 0 is presumed to exist, but another solution 
is desired. If a second solution for 5 is found, the p^—p^ 
mass splitting may be calculated in terms of 8, 

Partial wave dispersion relations are sufficiently 
complicated so that it may be quite difficult to compute 
the function f(8). I t may be easier to compute the 
coefficients of the first few terms in a power-series 
expansion, i.e., 

f{d) = c8+d8^+'"==0, 

where c and d are constants. The value 8= —c/d is a 
solution to the second-order equation. This second-
order solution exists even if no nondegenerate solution 
to f(8) = 0 actually exists. Therefore, this approximation 
is not sufficiently accurate for an investigation of the 

15 M. Gell-Mann, Phys. Rev. 125, 1067 (1962); S. Okubo, 
Progr. Theoret. Phys. (Kyoto) 27, 949 ri962). 
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question of the existence of a nondegenerate solution. 
However, if d is nonzero, the solution b=—c/d will 
approximate a real solution if \c\ is small enough.^^ 

A similar argument applies if there are three inde­
pendent P-meson masses. In this case there are two 
independent mass-splitting variables, 5i and ^2. If the 
self-consistency equations are expanded to second order 
in the bi, and the linear terms in the equations are 
diagonalized, the equations are of the form, 

ci5i+/i(5i,52) = 0 , 

where / i and /2 are of second order. We assume these 
equations are normalized in some physical manner. The 
ratio hi/h is given by 81/82= {c2/ci){fi/f2). Thus, a 
nondegenerate solution involving an appreciable value 
of 8i is most likely if | d \ is small. We conclude that a 
first attack on an actual problem involving several 
possible types of mass splitting may be made by com­
puting the coefficients of the terms of the self-consist­
ency equations that are linear in the mass differences, 
diagonalizing the equations, and looking for a small 
coefficient. This technique is applied in Ref. 5 and in 
Sec. V of the present paper. A similar technique is 
applied to a model of vector mesons by Cutkosky and 
Tarjanne.^^ 

We now return to the SU3 model of Sec. I l l and 
consider, for definiteness, the equations for the masses 
and interaction constants of the members of the B 
octet. Some of the important features of nondegenerate 
solutions may be examined in the *'mass approxima­
tion," defined as the approximation in which the particle 
masses, but not the interaction constants, are allowed 
to vary from the degeneracy-solution values. Only the 
pole-position self-consistency equations are considered; 
these equations are identified with the masses of the 
particles corresponding to the poles, as discussed in 
Sec. I I . 

We make a further approximation by neglecting the 
effect of deviations from degeneracy on the left-hand 
cut. In this approximation, deviations of the masses of 
the particles in the two-particle states coupled to the 
baryon poles influence the pole positions because the 
integrands in the dispersion integrals associated with 
the right-hand cut contain powers of the center-of-mass 
momenta of the particles in the various two-particle 
states. The magnitude of this momentum for a particu­
lar state is given by the formula, 

V = s - 2 (MI^+M2^)+ (MI ' -M2^)V^ , (6) 

where fn and ju2 are the masses of the two particles, and 
s is the square of the total energy. Since only the squares 

^^The application of the probability matrix approximation to 
the TT-p system in Ref. 5 suggests that a nondegenerate solution 
does not exist. 

" R. E. Cutkosky and Pekka Tarjanne, Phys. Rev. 132, 1354 
(1963). 

of the masses and the squares of the total energy appear 
in this equation, we will use these quantities as basic 
variables. This seems to conflict with intuitive notions 
regarding the importance of the thresholds of the vari­
ous channels, since the position of a threshold is a linear 
sum of the appropriate masses. However, it must be 
remembered that it is the integral of the discontinuity 
across a branch cut, rather than the position of the end 
of the cut, that is important. This integral is a function 
of the squares of the masses. 

We consider the coupling of the B poles only to two-
particle states of the (PB) type. Since the effects of 
deviations from degeneracy on the left-hand cut are 
neglected, the only variables in the problem are the 
masses of the various P mesons and baryons. The 
symbols nii and JJLJ are used to denote the masses of the 
baryon i and P meson j . The fractional deviations in 
the squares of these masses are denoted by Â  and 5y, 
i.e., Ai=(mi^—mo^)m(r'^ and 5i= (M/—^o^)Mo~^ where 
mo and /xo are a pair of values that satisfy the degeneracy 
solution. The self-consistency equation associated with 
the position of the pole of the baryon i is the equation 
for Â -. As in the ir-p example discussed above, we expand 
the quantities in this equation in powers of the mass 
deviations, i.e., 

A = 5 ^ (XBTlB.ijAj+Jl apllp,ik8k+02,i, 
j k 

(7) 

where 02,t represents the terms of second order in the 8 
and A, and as, ap, ^B,i3, and Ilp^^y are constants, ap 
and as being chosen for convenience. 

I t is shown in the Appendix that in a simple model 
possessing the assumptions of the present section, the 
quantities Aj?,*-/ and Ap,^ may be set equal to the 
probabilities of the baryon j and of the P meson k in the 
degeneracy-solution wave function for the baryon i. 
Explicitly, if the degeneracy-solution wave function is 
x(^i) = JlimCiimBiPmy thcn UB,ij=Y.m(Cijm^) and 
^p,iic=J2i(Ciik^). I t is also shown that as and ap are 
both positive if these substitutions for the 11 factors are 
made. 

In Sec. V, mô  and fjLo^ will be set equal to the average 
experimental values of the nii^ and fn^, so that Y^iAi 
= J2i8i=0. I t is not necessary to make this interpreta­
tion, however; one may regard the Â  and 5̂  as all 
independent. In fact, since absolute masses cannot be 
determined by means of the dispersion relations, the 
substitution of Ai=Aj=8i=8j= • • • into Eq. (7) must 
lead to a continuum of degeneracy solutions. This con­
dition implies the relation, 

aB-\-cip= 1. (8) 

The Â •, 8i, 02,iy 11^,*/, and IIp,,- ;̂ in Eq. (7) may be 
considered as components of column vectors 5, A, and 
O2, and rectangular matrices 11^ and Up. The matrix 
equation for A is 

A = ( l - o ! p ) n 5 A + Q : p n p 5 + 0 2 . (9) 
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Since as and ap are both positive, ap is in the range 
0-L We refer to Eq. (9), together with the condition 
0 < a p < l , as the "probabiUty matrix approximation." 

V. APPLICATION TO FOUR-MULTIPLET MODEL 

A. The Baryon Octet 

An approximate sokition to the {BP) model of the 
baryon octet has been given by Cutkosky, and by 
Tarjanne and Cutkosky.^-^ In the terminology of Sec. 
I I of the present paper, this solution is of the J'-type, 
with respect to the B multiplet. In the present section, 
the V and a solutions to this model will be compared, 
and the relation between the a solution and R invariance 
discussed. 

If only the {BP) states are included in x (5 ) , the 
equations for the baryon mass splitting in the proba­
bility matrix approximation are given by Eq. (9). As 
discussed in Sec. IV, the elements of the probability 
matrices 11^ and IIp are determined from the coefficients 
in the degeneracy-solution wave functions for the x{B). 
The coefficients are proportional to the BBP interaction 
constants. In a complete model they are determined 
from the bootstrap equations. There is evidence from 
special examples that the consistency conditions require 
SU3 symmetry in the degeneracy solution.^^ In the 
present paper we do not examine the left-hand cut in 
order to write self-consistency equations, but simply 
assume that a self-consistent degeneracy solution exists, 
and that this solution possesses SU3 symmetry. The 
coefficients in the equation for x (^ ) i^ay be determined 
by substituting ordinary isotopic-spin Clebsch-Gordon 
coefficients into Eq. (16) of Ref. 3. We give below the 
equation for x{p) ^s an illustration. 

+ {pyi) (S'^'f-d)+ (2+i^o) ( - 2i/V+6i/2^) 

+ (X^K+)(-f+3'^M)+ ( A Z + ) ( - 3 i / 2 / - ^ ) , 

where / and d are given in terms of the interaction angle 
6 by the relations, 

/==3-i/2sin6/, 6^=5-1/2 cos(9. (10) 

In order to investigate the solutions of Eq. (9) it is 
convenient to express A in terms of the eigenvectors of 
I IB. These eigenvectors have been listed previously by 
the author.^^ The normalized vectors Eo, E3, E4, and E7 
of Ref. 19 are eigenvectors for all values of the inter­
action angle 6. Two pairs of ^-dependent eigenvectors 
exist in the E1-E2 and Es-Ee subspaces. We define A» 
and Ai (i ranges from 1 to 7) by the equations Â  
= (l/8)^/2(A«Ej) and Ai=AiEi. For convenience, we 
hst below the formulas for Ai, A2 and A3, the isotopic-

is R . H. Capps, Phys. Rev. Letters 10, 312 (1963); R. E. 
Cutkosky, Phys. Rev. 131, 1888 (1963). 

19 R. H. Capps, Phys. Rev. 134, B460 (1964). 

spin conserving components of the mass-splitting vector, 

A i - ( l / 1 6 0 ) i / 2 ( ^ + ^ + E - + E o + 2 A " 2 2 + - 2 S " - 2 2 0 ) , 

A2= (1/32)1/2(^-1-/z-E--Eo)^ 

A 3 - ( l / 9 6 0 ) i / 2 ( 2 + + 2 - + i ; o + 9 A - 3 ^ - 3 ; z - 3 H - - 3 E o ) . 

The symbol for the baryon j is used to represent 
{m^—m^)lm^^ where mi now is set equal to the aver­
age square of the eight baryon masses. An analogous 
definition is made for the P-meson mass vector 5. The 
expression for hi is obtained from the corresponding 
expression for Â - by making the replacements w / —̂  AI/ 
and mi —> yuô , where [xi is the average square of the 
meson masses and a particular j relates corresponding 
members of the B and P octets.^^ The equality of the 
masses of a particle and antiparticle imphes that 2̂ 
(as well as the isotopic spin violating components Se 
and 5?) is zero. The Okubo sum rule is the statement 
all the hi and Â  except 5i, Ai, and A2 should be zero. 

We write the baryon mass-spHtting vector A as a sum 
of two parts, i.e., A = A„H-A^. The term Â , is defined as 
the solution to Eq. (9) when the second-order term O2 
is neglected. Thus, Â , represents the linear approxi­
mation to that part of the B mass splitting that results 
from the P mass splitting. In the terminology of Sec. 
I I , A represents a j^-type solution if A„ is zero, and a 
cr-type solution if A^ is nonzero. The Ay and Â r also will 
be expressed in terms of the eigenvectors of 11^. 

I t is shown in Ref. 3 that in a linear approximation 
to the z^-type solution, the Okubo sum rule for the P 
mesons leads to the Okubo sum rule for the baryons. 
We neglect all contributions to the experimental 5 
vector except the large Okubo-type contribution Si. We 
may then neglect all components of Â , except Ai,;, and 
A2,v. The linear approximation to the j^-type solution is, 

Ai..= |(f-^^)(Ai, .-f5i)-f(15)V2^/A2, 

A2,.= (15)i/2J/(Ai.,-5i)+iA2... (11) 

If A = A,+Aff is substituted into Eq. (9), the A, and 
5 parts cancel and the equation for A, becomes, 

C l - ( l - a p ) n j A , = 02. (12) 

We write A,̂  as a sum of eigenvectors of 11^; i.e., 
^o=lLi^i,a\ nijA,-,^=a,A^>. Equation (12) then be­
comes 

i 

Ci='\—{\—ap)ai. 

(13) 

(14) 

The eigenvalues ai are easily found. They are given 

20 The quantities A; and 5» {i from 1 to 7) are related to the 
quantities of Table I of Ref. 19 by the relations, 

Ai = mB^ • Ei/mB^. Eo and 5,- = mp^ • E»ymp2. Eo. 
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in terms of the interaction angle 0 by the equations, 

(15) 

where d and / are given in Eq. (10). 
The principle discussed in connection with the ir-p 

example of Sec. IV impHes that a (x-type solution in­
volving a large value of \^i,a\ is most likely if the 
coefficient d of Eq. (13) is small. It may be shown from 
Eqs. (15) and (10) that for all values of 6, all the 
eigenvalues ai associated with mass-splitting are smaller 
than one. It is seen from Eq. (14) that the conditions 
ai<\. and 0<ap<l imply that c^>0, and that the 
smallest value of Cx corresponds to the largest positive 
value of ai. For simplicity, we assume that A<y is in the 
direction corresponding to the largest possible positive 
eigenvalue of any â . It may be seen from an examina­
tion of Eq. (15) that the largest possible eigenvalue is 
ai2+=6/7, this value occurring when ^=d=tan~^ 
(9/5)i/2^_jL.530^ We set 6=53'', the positive sign being 
chosen to agree with the experimental fact that the 
j = f+ decuplet occurs in the representation 10 rather 
than 10*.2'2i The predicted ratio Ai,e,/A2,<r then is equal 
to (5/9)^/2. [[The ratio Ai,a/A2,cr niay be determined for 
any 6, if use is made of the coefficients of Ai,̂  and A2,v in 
Eq. (11), as these coefficients are the elements of 11^ in 
the E1-E2 subspace.J 

In order to compare the ẑ -type and o--type solutions, 
we must estimate the value of ap, the parameter meas­
uring the relative importance of P and B mass devia­
tions for the position of the B poles. In this probability 
matrix approximation, the effect of increasing the mass 
of one of the particles in one of the {BP) states is to 
decrease the momentum in the dispersion integral 
corresponding to that state. The quantity ap{\—ap)~'^ 
would be equal to the ratio 

if this ratio were constant throughout the energy region 
of the dispersion integrals [see Eq. (A6) of the Ap­
pendix]. Actually, as may be seen from Eq. (6), this 
ratio varies monotonically with energy, being equal to 
(/xo/wo) at threshold, and approaching {ii^/m^) at the 
high-energy limit. Therefore, we assume that 

Wlm^) <ap/(l—ap) < (MO/^O) . (16) 

If fjLo^ and Wô  are set equal to the average values of the 
squares of the P and B masses, Eq. (16) leads to the 

0.24 

0.20 

aie 

0.12 

0.08 

0.04 

^ fA 4-A ^ ~ A 
* - V ^ , i / ^ ^ 2 , < r / - -*^2,exp. 

^ j A g j ^ 

- " " " " " • " " — • " " • • " " " — - » - < - — - - ' ' ' ' — " " ^ 

.(A,^+Ai^^r^ 
-«, _A 

- •• ^i,exp. 

-A|,y ^ ] 
] ,., , 1 1 

FIG. 1. Okubo-type mass splittings for the baryon octet. The 
calculated A ŝ correspond to ^=tan~i (9/5) ̂ ^̂  

condition, 0.11<ap<0.26. A reasonable estimate of 
ap is about 0.15 or 0.20. 

The values of Ai,;, and A2,p corresponding to ap in the 
range. 0.1 — 0.25 and to ^=tan~^ (9/5)̂ ^^ ^^^ compared 
to the experimental values Ai,exp and A2,exp in Fig, 1. 
The magnitude of the A2,<r that occurs in the self-
generating type of solution cannot be determined if only 
first-order terms are calculated. Hence this value has 
been chosen so that the total A2 agrees with experiment. 
The value Ai,<r may then be determined from the equa­
tion Ai,<r= (5/9)̂ 2̂A2,<r; the calculated sum Ai=Ai,„ 
+Ai,<, is also compared with experiment in Fig. 1. The 
experimental values of 8 (used in the calculation of the 
A;,) and of the Ai and A 2 are taken from Ref. 19, and 
correspond to the compilation of Roos.̂ ^ 

It is seen from Fig. 1 that in the v solution, the pre­
dicted signs of Ai and A 2 agree with experiment, and the 
predicted ratio A1/A2 is close to the experimental 
value.2^ However, the magnitudes of Ai,y and A2,v are 
only about half the experimental values. This is con­
sistent with the assumption that the or solution cor­
responds to reality. In the present approximation to the 
a solution, the sign of A 2 cannot be determined, but the 
predicted A1/A2 ratio is positive and less than one, 
though somewhat larger than the experimental value 
of 0.21. The calculation is sufficiently crude that we can 
only conclude that either solution is consistent with 
experiment. 

The eigenvalue 1̂2+ is plotted against 6 in Fig. 2. It 
is seen that the peak is fairly broad, so that the require­
ment of large au'^ does not fix 6 very precisely. It has 
been shown by the author, and by Martin and Wali, 
that the experimental observation that the decuplet is 
the most attractive y=f+ state of the (BP) type limits 
the range of the angle .̂̂ '21 The careful calculation of 

21 R. H. Capps, Nuovo Cimento 27, 1208 (1963). 

22 Matts Roos, Rev. Mod. Phys. 35, 314 (1963). 
23 These facts are pointed out by Cutkosky in Ref. 3, where an 

extensive discussion of the v-type solution is contained. See also 
Ref. 8. 
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a,2+(e) 

45* 

e 
FIG. 2. The large eigenvalue ai2^ for Okubo-type mass splitting 

of the baryon octet, as a function of $. 

Martin and Wall leads to the limits 13°<^<60°. 
Glashow and Rosenfeld have used experimental data 
to make the estimate 6^35°.^^ It is seen from Fig. 2 
that at 6=35^ the value of ai2+ is almost as large as the 
peak value [^12+(35°)--0.77]. If <9=35°, then the ratio 
Ai,«r/A2,<r is 0.58, and a calculation of curves similar to 
those of Fig. 1 leads to essentially the same conclusions 
concerning the v and a solutions. 

In Sec. V of Ref. 5, considerations similar to the above 
were applied to the F octet, under the assumption that 
the F may be represented as (FV) compounds. Self-
generated mass differences of the Okubo type are 
favored for this multiplet also. The probability matrix 
approximation leads to an equation for the di similar to 
Eq. (13), with the constant c (for Okubo-type mass-
splitting) given by the formula 

c=l — i(l—apv)~lapv, (17) 

where 0 < Q : P F < 1 , and the ratio Q:PF/(1—«PF) measures 
the relative importance of V and F mass splitting in the 
(FV) states. Since this constant c is greater than ^, 
while Ci2^ for the baryon octet may be as small as 0.2, 
the assumption that both the F and B mass splittings 
are self-generating is consistent with the experimental 
fact that the relative splittings are much greater within 
the F octet. 

The principal difference between the v and a solu­
tions for the baryon octet concerns the interaction angle 
6, The present investigation suggests that the very 
existence of a a- solution may depend on a large violation 
of R symmetry. It has been pointed out in Ref. 5 that 
the requirement of self-generating mass differences may 
rule out many group-representation schemes for 
strongly-interacting particles completely, as well as 
favor a particular type of mass splitting within a 
particular scheme. It is conceivable that the large value 
of au'^ that is possible for the baryon multiplet within 

the octet scheme of SU3 is one of the reasons this scheme 
is realized in nature.^^ 

B. Remarks Concerning F, D, and P Multiplets 

In this section we apply the probability matrix 
approximation to the V and D multiplets, and also 
consider the possibility that the mass differences within 
the F octet result from the mass differences within the 
B octet. Detailed calculations concerning the D and V 
multiplets have been given previously^"^'^; we consider 
these multiplets here only to test the validity of the 
probability matrix approximation. All isotopic spin 
violating contributions to mass splitting are neglected. 

Only the (FF) contribution is considered in the 
equations for the V poles. We assume that the mass 
splitting of the V octet (p, M==K'^, cp) is of the z'-type, 
and results from the F mass splitting. Calculation of the 
V mass splitting is similar to the calculation of the v 
solution in Sec. VA; only linear terms need be considered 
in order that an approximate answer be obtained. The 
degeneracy-solution wave functions may be obtained 
by making appropriate F<=^V substitutions in Eq. (4) 
of Ref. 1. Since only one type of particle appears in the 
{FF) configurations, there is no unknown a parameter; 
the probability matrix approximation leads to the 
prediction, 

5 i ^=R, 53^=-453, (18) 

where the b^ refer to the V octet, and are defined 
analogously to the 6 of the F octet. It is seen that in this 
approximation, an Okubo-type F mass splitting leads 
to an Okubo-type V mass splitting. The calculated 
values of the ratios {m^/niM^) and int^/mi^) that 
follow from the experimental F masses are shown in 
column 2 of Table I. The corresponding experimental 

TABLE I. Vector meson mass ratios. 

(1) Experiment 
(2) Prob. 
matrix (3) Ref. 4 

0.72 
0.79-1.33 

0.47 
1.21 

0.30-0.72 
0.98-1.11 

values are given in column 1. [The ambiguity in the 
experimental {m^lm^) ratio results from the ambi­
guity in the interpretation of the experimental co and ^.] 
Column 3 contains the results of the detailed calculation 
of Ref. 4; in this reference the effects of deviations from 
degeneracy in the virtual V multiplet that is assumed 

24 S. L. Glashow and A. H. Rosenfeld, Phys. Rev. Letters 10, 
192 (1963). 

2̂  To the author's knowledge, the eigenvalues ai occurring in the 
(JBP) model of the baryons have not been calculated for group-
representation schemes other than the double-octet scheme of 
SU3. However, similar constants occurring in the {FV) model of 
the F mesons are evaluated for many group-representation 
schemes in Ref. 5. None of these eigenvalues calculated for the 
(FY) model is as large as 6/7. 
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to transmit the forces, and the effects of deviations from 
SU3 symmetry of the interaction constants, are taken 
into account. I t is seen that the probabiHty matrix 
approximation reproduces the most important effects 
of the detailed calculation. 

We now consider the decuplet poles, neglecting all 
coupled configurations except the {BP) configurations. 
The Okubo sum rule is simple for the decuplet, i.e., 
12—S* = S*—F*= F*—A^*, where the particle symbols 
refer to the corresponding masses or squares of masses.^^ 
This sum rule, when applied to the known members of 
the decuplet (S*, F*, and A'"*), is satisfied more nearly 
by the masses than by the squares of the masses. If the 
fractional deviations of the squares are denoted by Z>, 
the experimental masses listed in Ref. 22 lead to the 
results 

D%Y= (#2s*^~WF*^)/wr*2 = 0.226, 

DYN= (wr*^—Wi\r*^)/mr*2 = 0.202. 

In view of the difficulty of associating definite masses 
with resonances, we do not regard the difference be­
tween these two numbers as significant evidence that 
the squares of the masses are not appropriate variables. 
We take the average of Dvy and DYN as the experi­
mental value of the mass splitting, i.e., Z)exp = 0.214. 

I t is assumed that the decuplet mass splitting is of 
the J^-type, and results from the P and B mass splittings. 
Martin and Wali and Wali and Warnock have shown 
that the experimental decuplet masses may be repro­
duced from a bootstrap model in which xQD)— (BP), 
and Cutkosky has shown that the Okubo sum rule for 
the decuplet follows from its assumed validity for the 
P and B octets.^'^'^^ Hence we test the validity of the 
probability matrix approximation by calculating D and 
comparing it with the experimental value. The elements 
of the relevant probability matrices may be determined 
from the decuplet wave functions given by Glashow 
and Sakurai.2^ I t is easily shown that in this approxi­
mation the magnitude of D is given by the expression 

(10y^W= (l-aDp)(Ai-5'f'A2)+aDpdi, (19) 

where 0<a£>p< 1, and the ratio aDp/(^-~oiDp) measures 
the relative importance of P and B mass deviations. If 
the values of the Â  and 5i listed in Ref. 19 are sub­
stituted into this expression, the result is 

D=0.145(l-o;Dp)+0.220ai)P. (20) 

This result is not a sensitive function of aDP- The 
reasonable estimate Q:DP'^0.2 leads to D^0.16, which 
is about f the experimental value of 0.214. We conclude 
that the probability matrix approximation is fairly 
accurate for the decuplet. 

Next we consider the P meson poles. Two bootstrap 

models that have been proposed for the P mesons are 
that they are (PV) states, on the one hand,^'^ or (BB) 
states on the other.^^ I t must be emphasized that both 
of these models are approximations; since the pww and 
NNir interaction constants are both known to be large, 
there is no question about the fact that (PV) and (BB) 
states both play appreciable roles in the P-meson wave 
functions. However, it may be justifiable to neglect one 
of these two configurations when discussing certain of 
the P-meson properties. If the P mass splitting is of the 
o--type with respect to the rneson multiplets, it is 
reasonable to neglect the (BB) states in the first 
approximation; this approach is followed in Ref. 5. At 
present, we wish to make the alternate assumption that 
the P mass splitting is of the J^-type, and results from 
the baryon mass splitting. We write the P-meson, 
degeneracy-solution wave function as a sum of two 
contributions, i.e., X(B) = XV+XB, where xv and XB 

represent the (PV) and (BB) contributions. We take 
the PBB interaction angle to be ̂ =tan~^ (9/5)^^^, since 
this choice corresponds to the vanishing of the TTSS 
interaction, and is thus particularly favorable for the 
hypothesis that the low x-mass results from the low 
nucleon mass. The expressions for XB are, 

x(7r)=(3/7)i/2(AW)+(l/14)i/2[(AS)+(SA)] 

+ (3/7)1/^2:2), 

x(^) = (yiYHNN)-\- (l/14)i/2(AA) 

+ (3/14)1/2(2:2)+(4/7)i/2(HS), 

x(K)^(2/iylKN^) 
+ (l/14)i/2(AS)+ (9/14)1/^22). (21) 

I t is easily shown from the probability matrix cor­
responding to Eq. (21) that B deviations of the Okubo 
types Ai and A2 both contribute only to the Okubo-type 
P deviation 5i. If use is made of Eqs. (17) and (21) and 
the condition that absolute masses may not be calcu­
lated, the equation for 5i in the probability matrix 
approximation may be written in the form, 

5i==(l-^)X5i+(3/14)/3(Ai-5i/2A2), 

\ = \(\. — apv)+\apv, (22) 

26 K. C. Wali and R. L. Warnock, Bull. Am. Phys. Soc. 9, 115 
(1964), and (private communication). 

27 S. L. Glashow and T. T. Sakurai, Nuovo Cimento 25, 337 
(1962). 

where apy and /5 are positive numbers smaller than 
unity. The cons_tant fi depends on the relative impor­
tance of the (BB) and (PV) configurations. 

The value of h that results from substitution of the 
experimental Ai and A2 into Eq. (22) is the linear 
approximation to the z^-type solution for 5i. I t is easy to 
see that |5i| is a monotonically increasing function of 
i5, so that the upper limit for |§i| corresponds to /5= 1. 
If Ai and A2 are taken from Ref. 19, this upper limit is 
only about 0.14 of the experimental 5i. We conclude that 
the P mass splitting is not a likely result of the B mass 
splitting. 

28 C. N. Yang and E. Fermi, Phys. Rev. 76, 1739 (1946); Y. 
Miyamoto, Progr. Theoret. Phys. (Kyoto) 28, 967 (1962); Yasuo 
Kara, Phys. Rev. 133, B1565 (1964). 
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I t is sometimes remarked that in the (BB) model of 
the F mesons, the ratios of the binding energies of the 
TT, K, and r? do not differ greatly from unity. From this 
point of view, it would not seem difficult to construct a 
bootstrap model in which the large P mass differences 
are a result of the B mass differences. However, ratios 
of binding energies are not very significant quantities 
in dispersion relations. Ratios of masses are significant 
quantities, but in terms of such ratios the TT and r? masses 
are greatly different in any model. The author believes 
that any realistic estimate of the possible effect of the 
B mass differences on the P mass differences must take 
into account explicitly the fact that absolute masses can 
not be determined by means of the dispersion equations. 

VL CONCLUDING REMARKS 

I t is shown in Sec. V that the probability matrix 
approximation leads to results concerning the mass 
splitting within the various strongly-interacting particle 
multiplets that are in rough agreement with experiment 
and with more detailed calculations in those cases that 
have been treated in detail. Application of the proba­
bility matrix approximation is extremely simple; 
practically none of the techniques of dispersion theory 
are used. Of course, it will be necessary to use more 
dispersion techniques than this to obtain accurate 
results. The main conclusion of the present paper is that 
the many-particle aspect of a universal bootstrap model, 
after it is understood, may lead to simplifications in the 
other aspects of the model. I t may not be necessary to 
solve all the problems that plague present-day dis­
persion-theoretic treatments of systems of small num­
bers of particles. 

In a universal bootstrap model each particle is a 
compound of itself and the other particles. I t is often 
remarked that in such a model, no particle is truly 
^Tundamental." However, it does not follow that there 
is no reasonable criterion that can distinguish certain 
particles as more fundamental than others. For example, 
it is reasonable to apply the classification scheme of 
Sec. I I to the individual multiplets, and define those 
multiplets with cr-type mass deviations as fundamental. 
The approximate calculations of Sec. V indicate that 
the P-meson multiplet probably is fundamental accord­
ing to this definition, the V and D probably are not 
fundamental, while the B multiplet may be funda­
mental. This definition of fundamentality corresponds 
with our intuitive ideas, since the P and B multiplets 
are the lightest of the boson and fermion multiplets. If 
we adopt the picture that only the P and B multiplets 
are fundamental, we would expect the fractional mass 
splitting to be greatest in these multiplets. (The reason 
for this effect is clear in the approximation used in this 
paper for the V and D multiplets, since the various par­
ticles in the nonfundamental multiplets are ' 'averages" 
of the different pairs of particles in the fundamental 
multiplets.) Furthermore, it is not surprising in this 

picture if the Okubo sum rule is more nearly satisfied 
for the fundamental than for the nonfundamental 
multiplets. 

APPENDIX: MODEL LEADING TO PROBABILITY 
MATRIX EQUATION 

In this Appendix the probability matrix equation 
[Eq. (9) of Sec. IV] is derived in a simple, dispersion 
theoretic model. For definiteness we consider the baryon 
poles, and consider only coupled states of the (BP) 
type. The proton pole, for example, is coupled to the 
six states, pw"^, rnr-^, prj, AK+, X^K+, and X+K^ The 
scattering amplitude in the partial wave of the pole is a 
matrix T in the space of the coupled channels. At 
energies sufficiently high that all channels are open, T 
is related to the unitary matrix S by the equation, 
T=(2i)-^e-^S-l)d-^, where 6^^^ is the (non-negative 
definite) phase-space matrix, diagonal in the repre­
sentation of the physical two-particle states. The 
amplitude T may be analytically continued to energies 
at which some or all of the channels are closed. As in 
Sec. I I we make the simplifying assumption that the 
pole is a simple pole that occurs at an energy below all 
the two-particle thresholds. 

The dispersion model used is the simple ND~^ model 
used in previous references.^'^^ In this model the 
numerator matrix N is computed from the Born 
approximation, and a once-subtracted dispersion rela­
tion is written for the denominator matrix D. In the 
probability matrix approximation, the effects of devi­
ations from degeneracy on the left-hand cut are neg­
lected, so that the numerator matrix is a constant 
matrix F multiplied by a function of energy, i.e., 
Nij—P{(jo)Fij. I t is assumed that the basic force is 
'^attractive,^' i.e., that /̂ (co) is positive for all values of 
w above the lowest threshold, and that /5(co) is suffi­
ciently well behaved at high energies so that the dis­
persion integrals converge. 

The unitarity condition for D is Im D=— 6N 
— —l3(co)dF. The condition that a bound state occur is 
that the determinant of the denominator matrix 
vanish, i.e., 

II- •jdc.'g(^'.. wo)idF)\=0, (Al) 

where co o is the bound-state energy. The exact nature of 
the function g(a)\o)o) is not important in the present 
discussion, but this function is independent of the 
deviations in the masses. 

We define the k representation as a representation in 
which F is diagonal. Since the effects of mass splitting 
on the left-hand cut are neglected, the transformation 
matrix connecting this representation to the repre­
sentation of the physical two-particle states is inde­
pendent of the variations of the P and B masses. The 
nondiagonal elements of Z> in ^ representation are of 

29 F. Zachariasen and C. Zemach, Phys, Rev. 128, 849 (1962). 
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the form, 

Du= = - / do)'g(o)',o)o)dkiFii, 

Since ^ is a multiple of the unit matrix in the degeneracy 
solution, the nondiagonal element Oki is of first order in 
the deviations from degeneracy. All terms in the deter­
minant in Eq. (Al) that contain nondiagonal elements 
of D are of at least second order in these nondiagonal 
elements. Thus, to first order in the mass splitting, Eq. 
(Al) is a product of factors in the k representation, i.e., 

n.(i-/ dca' g{ca' ,uo)OkkFkk] = 0. (A2) 

We denote by r the value of k corresponding to the 
factor that is zero. The matrix 6 is diagonal in the 
physical (i) representation, so we express 9rr in terms 
of the da, i.e., drr=^i4 n^^Uj where AH is the orthogonal 
transformation matrix connecting the i and k repre­
sentations. I t is easy to see that in the degeneracy limit, 
A diagonaKzes T, so that Ari^ may be set equal to P*, 
the probability of the state i in the resonating eigenstate 
of T, The bound-state condition may be written 

i-j:pji=o, (A3) 

li- -r do)'g(o)',o:o)eiiFr (A4) 

If first-order deviations of the bound-state energy 
and of the squares of the masses are allowed, Eq. (A3) 
leads to the equation 

dh 

dooo 
-dooo 

r /dli dli \-j 
= - Z ^4 dfjii'+ dnii' , (A5) 

L i \diJLi^ dm^ / J o 

where the subscript 0 means that all quantities should 
be evaluated in the degeneracy-solution limit. The 
dependence of Ii on deviations of the JJL^^ and m? results 
entirely from the dependence of the phase-space factor 
Bii on these mass variables. Since da is an increasing 
function of the momentum in state i, and the quantities 
^(w',coo), Brr, and Frr in Eq. (A4) are positive, the 
derivatives dli/dix^- and dli/dmi" are negative. The 
probability matrix approximation [interpretation of the 
quantities JIBAJ and np.^y in Eq. (7) as probabilities, 
together with the condition that as and ap are positive], 
follows directly from Eq. (A5). The ratio of the quanti­
ties ap and as of Eq. (7) is given by 

ap ( dli\ /( dli\ 
- = U . ^ / r^' • (A6) 


